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Abstract. A study of the evolution of raindrop spectra
(raindrop size distribution, DSD) between cloud base and
the ground surface was conducted using a column model of
stochastic coalescense-breakup dynamics. Numerical results
show that, under steady-state boundary conditions (i.e. con-
stant rainfall rate and DSD at the top of the rainshaft), the
equilibrium DSD is achieved only for high rain rates pro-
duced by midlevel or higher clouds and after long simulation
times (∼ 30min or greater). Because these conditions are not
typicalofmostrainfall, theresultssuggestthatthetheoretical
equilibrium DSD might not be attainable for the duration of
individual rain events, and thus DSD observations from ﬁeld
experiments should be analyzed conditional on the speciﬁc
storm environment under which they were obtained.
1 Introduction
The evolution of rainfall microstructure in the presence of
combined coalescence, breakup, accretion, evaporation, and
condensation mechanisms has been the object of extensive
research over the past 40 years (Testik and Barros, 2007).
The ability to simulate the rain drop size distribution (DSD)
in the natural environment is key for studying precipita-
tion processes generally, and to validate microphysical pa-
rameterizations in numerical models. In this work, a col-
umn model of the stochastic equation describing the evo-
lution of raindrop spectra through a rainshaft has been de-
veloped. Previously, Prat and Barros (2007) tested sev-
eral coalescence/breakup kernels for a single box model in
which the spatial homogeneity of the DSD is assumed, and
the evolution of the DSD is tracked over time. The single
box model is extended in this study to a homogeneous one-
dimensional rainshaft model in which the evolution of the
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DSD is observed as the drops fall through the atmospheric
column (List et al., 1987; Tzivion et al., 1989; List and Mc-
Farquhar, 1990; Hu and Srivastava, 1995). The speciﬁc re-
search goal is to establish a model that predicts the evolu-
tion of the rainfall microstructure for a simple conﬁguration
describing coalescence-breakup dynamics below cloud base.
More broadly, this work is a ﬁrst step toward a simulation
of the evolution of rainfall microstructure in warm rain with
detailed microphysics in complex weather prediction mod-
els, and to achieve a dynamic simulation of DSD that will be
used for physical algorithms in radar rainfall estimation.
2 Model description
2.1 Discretization of the general Stochastic Collec-
tion/Stochastic Breakup Equation
A full description of the box-model is provided by Prat and
Barros (2007). We present here only a summary of the key
components for the rainshaft implementation. The general
governing equation for the rate of change of the number con-
centration n(v,z,t) of drops with volume between v and
v+dv in a vertical rainshaft in the presence of coalescence
and breakup is given by the following general equation:
∂ n(v,z,t)
∂ t + ∂
∂ z [n(v,z,t) V (v,z)] = S (v,z,t)
= 1
2
R v
0 n(v − v0,t) n(v0,t) C(v − v0,v0) dv0
−n(v,t)
R ∞
0 n(v0,t) C(v,v0) dv0
+1
2
R ∞
0 n(v0,t) dv0 R ∞
0 n(v”,t) B(v0,v”) P(v,v0,v”) dv”
−n(v,t)
R ∞
0 n
 
v0,t

v0 B(v,v0) dv0
= I1 (v,z,t) + I2 (v,z,t) + I3 (v,z,t) + I4 (v,z,t)
(1)
The ﬁrst term on the left hand side of (Eq. 1) represents the
temporal evolution of the droplet number density n(v,z,t)
between volume (i.e. mass) interval v and v+dv, at location
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z and time t. The second term represents the fall of a drop at
a velocity V(v,z,t). The source term S(v,z,t) on the right
hand side describes the coalescence-breakup dynamics. The
coalescence of droplets is described by terms I1 (rate of cre-
ationofdropletofvolumev duetothecoalescenceofsmaller
drops), and I2 (rate of disappearance of droplet of volume v
due to coalescence with other drops of volume v0). The col-
lisional breakup mechanism is described by terms I3 (rate
of creation of drop of volume v resulting from a collisional
breakup event involving two drops of volume v0 and v00), and
I4 (rate of disappearance of drops of volume v involved in a
collisional breakup event with other drops). Terms C(v,v0),
B(v,v0), and P(v,v0,v00) are respectively the collection ker-
nel, thebreakupkernelandthefragmentdistributionfunction
by collisional breakup involving two drops of volume v0 and
v00 for a resulting droplet of volume v.
In the rainshaft model, we assume homogeneity with re-
gard to the height (z) for the fall velocity of drops of volume
v V (v,z)=V (v). Finally, the term describing the fall of
drops through the atmospheric column is reduced to:
∂
∂ z
[n(v,z,t) V (v,z)] = V (v)
∂
∂ z
[n(v,z,t)] (2)
The source term is discretized using a ﬁxed pivot technique
(KumarandRamkrishna, 1996)thatallowsthediscreteequa-
tion to be internally consistent with two selected integral
properties of the DSD. More details concerning the inter-
mediate step for the discretization of the source term in the
general Stochastic Collection/Stochastic Breakup Equation
(SC/SBE) can be found in Kumar and Ramkrishna (1996)
for the coalescence part of the equation, and Prat and Barros
(2007) for the extension to collisional breakup. Finally, the
integration of Eq. (1) over the ith discrete interval is given by
(Prat and Barros, 2007) :
dNi(z,t)
dt + Vi
dNi(z,t)
dz = Si (z,t)
=
j≥k P
j,k
xi−1≤(xj+xk)≤xi+1
(1 − 1
2 δj,k)ηCj,kNj(z,t)Nk(z,t)
−Ni(z,t)
nbin P
k=1
Ci,kNk(z,t)
+1
2
nbin P
j=1
nbin P
k=1
Nj(z,t)Nk(z,t)Bi,kκi,j,k
−Ni(z,t)
nbin P
k=1
Bi,kNk(z,t)
(3)
Where Ni(z,t) is the total number density of droplet in the
ith class size (cm−3) :
Ni(z,t) =
Z vi+1
vi
n(v,z,t) dv (4)
and
Ci,j=C(xi,xj)=K
 
xi,xj

.E(coal)
 
xi,xj

=Ki,j.E(coal)i,j (5)
Bi,j = B(xi,xj) = K
 
xi,xj

.E(brkp)
 
xi,xj

= Ki,j.
 
1 − E(coal)i,j

(6)
where E(coal)(xi,xj) is the coalescence efﬁciency and
K(xi,xj) is the gravitational collection kernel:
Ki,j =

9π

16
1/3 .

x
1/3
i + x
1/3
j
2  Vi − Vj
  (7)
The terms η and κi,j,k are derived from the selected dis-
cretization method. The term η can be seen as the contri-
bution to droplet population located at the ith size interval
due to the coalescence of two droplets of size xj and xk, re-
spectively, and the term κi,j,kcan be seen as the contribution
to the droplet population located at the ith size interval due to
the collisional breakup of two droplets of size xj and xk, re-
spectively. For the selected discretization scheme internally
consistent with respect to the drop number density (M0) and
drop mass concentration (M1), η is equal to :
η =
xi +1 − v
xi+1 − xi
if xi ≤ v ≤ xi+1
and η =
v − xi−1
xi − xi−1
if xi−1 ≤ v ≤ xi (8)
and κi,j,kis given by :
κi,j,k =
Z xi+1
xi
xi+1 − v
xi+1 − xi
P(v,xj,xk)dv
+
Z xi
xi−1
v − xi−1
xi − xi−1
P(v,xj,xk)dv (9)
Finally, the average number density of droplets for the ith
size category (between diameter di and di+1 in cm) by size
interval [cm−3 cm−1] is given by :
¯ ni(z,t) =
1
di+1 − di
Z vi+1
vi
n(v,z,t)dv =
Ni(z,t)
di+1 − di
(10)
Thus, the kth order moment of the DSD is :
Mk(z,t) =
nbin X
i=1
Ni(z,t)mk
i (11)
where mi is the drop mass (in [g]) in the ith class category.
Moments of interest include the drop number concentration
(Mk=0 in [cm−3]), the drop mass concentration or liquid wa-
ter content (Mk=1 in [gcm−3]), and radar reﬂectivity factor
(Z=[6/(ρ.π)]2.1012.Mk=2 in [mm6 m−3]). Equation (3) is
then solved using a simple forward ﬁnite difference scheme
and transformed into:
Ni (zh,t + 1t) = Ni (zh,t) + Vi.
1t
1z
.

Ni (zh−1,t) − Ni (zh,t)

+Si (zh,t).1t (12)
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Figure 1: Evolution of vertical profiles of DSD integral properties for the time dependent column 
model: a) Droplet number density (M0). b) Droplet mass (M1). c) Radar reflectivity factor 
(Z=[6/(ρ.π)]
2.M2. The initial DSD is a Marshall-Palmer distribution with a nominal rainrate 
R=50mm.h
-1. 
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Fig. 1. Evolution of vertical proﬁles of DSD integral properties
for the time dependent column model: (a) Droplet number den-
sity (M0). (b) Droplet mass (M1). (c) Radar reﬂectivity factor
(Z=[6/(ρ.π)]2.M2. The initial DSD is a Marshall-Palmer distri-
bution with a nominal rainrate R=50mm.h−1.
Numerical stability of (12) is achieved for 1>Vi.1t/1z
where (1z) is the spatial resolution and (1t) is the time step.
The expression for the fall velocity (Vi) was taken from Best
(1950) with the largest drops of the DSD (d=0.7cm) having
a maximum fall velocity of about 9.5m.s−1.
2.2 Formulation of coalescence-breakup kinetics for the
SC/SBE
The discrete model for the resolution of the SC/SBE is used
for the prediction of the evolution of the DSD in the pres-
ence of coalescence and collisional breakup. The expres-
sion for the coalescence efﬁciency is from by Low and List
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Figure 2: DSD evolution of the solution of the SC/SBE for the time dependent column model 
after a fall distance of 3000m. The initial DSD is a Marshall-Palmer distribution with a nominal 
rainrate R=50mm.h
-1. The solution is obtained for an irregular grid (40bins). 
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Figure 3: DSD at t=1800sec for the solution of the SC/SBE for the time dependent column 
model for different fall height values. The initial DSD is a Marshall-Palmer distribution with a 
nominal rainrate R=50mm.h
-1. The solution is obtained for an irregular grid (40bins). The 
Equilibrium DSD obtained with the homogenous in space, transient in time, single box model is 
reported for comparison. 
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Fig. 2. DSD evolution of the solution of the SC/SBE for the time
dependent column model after a fall distance of 3000m. The ini-
tial DSD is a Marshall-Palmer distribution with a nominal rainrate
R=50mm.h−1. The solution is obtained for an irregular grid (40
bins).
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Fig. 3. DSD at t=1800s for the solution of the SC/SBE for the
time dependent column model for different fall height values. The
initial DSD is a Marshall-Palmer distribution with a nominal rain-
rate R=50mm.h−1. The solution is obtained for an irregular grid
(40 bins). The Equilibrium DSD obtained with the homogenous in
space, transient in time, single box model is reported for compari-
son.
(1982a). McTaggart-Cowan and List (1975) and later Low
and List (1982a, b) performed collision experiments with
two drops of different diameter and identiﬁed three types of
breakup (disc: DI, ﬁlament: FI, and sheet: SH). Low and
List (1982a,b) proposed expressions of the ratio for each type
of breakup (RDI: disc, RFI: ﬁlament, and RSH: sheet) and
for the number of fragments created (FDI: disc, FFI: ﬁla-
ment, and FSH: sheet). In addition, Low and List (1982a, b)
found that the overall fragment distribution function for each
pair of colliding drops is a sum of 2(3) lognormal and Gaus-
sian distributions depending on the type of breakup (DI(2),
FI(3), SH(2)). A complete description of the fragment dis-
tribution function requires the determination of parameters
of the lognormal/Gaussian distributions such as the height
(H), the standard deviation (σ), and the modal diameter (µ)
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Figure 4: Number distribution (in [cm
-3]) for the time dependent column model a) t=60sec. b) 
t=300sec. c) t=600sec. d) t=1800sec. The initial DSD is a Marshall-Palmer distribution with a 
nominal rainrate R=50mm.h
-1. The solution is obtained for an irregular grid (40bins). 
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Fig. 4. Number distribution (in [cm−3]) for the time dependent column model (a) t=60s. (b) t=300s. (c) t=600s. (d) t=1800s. The initial
DSD is a Marshall-Palmer distribution with a nominal rainrate R=50mm.h−1. The solution is obtained for an irregular grid (40 bins).
of the distribution for each pair of colliding drops. We use
the formulation proposed by McFarquhar (2004), which was
derived from Low and List (1982a, b) experimental data for
the fragment distribution function. McFarquhar (2004) used
a modiﬁed Monte Carlo method with bootstrap to randomly
choose the result of the collision of arbitrary pairs of drops
and proposed general expressions for the parameters (H, σ,
µ) of the fragment distribution functions for each type of
breakup. This parameterization has the double advantage of
having a more consistent physical basis in order to general-
ize experimental results of collisional breakup to arbitrarily
selected pairs of colliding drops, thus overcoming the chal-
lenge posed by the original Low and List parameterization
(1982a, b) in terms of mass conservation enforcement for
each breakup event. The latter aspect has been a major chal-
lenge concerning the implementation of the Low and List pa-
rameterization in drop coalescence/breakup models (Valdez
and Young, 1985; Brown, 1987, 1988, 1997). A more com-
plete description of the numerical model as well as a detailed
discussion concerning mass conservation considerations for
each single breakup event can be found in Prat and Barros
(2007).
3 Modeling results for a homogeneous one-dimensional
rainshaft model
As pointed out earlier, the ﬁxed pivot method (Kumar and
Ramkrishna, 1996) used in this work allows the selection
of any type of discretization grid. A grid sensitivity analy-
sis was performed in order to determine a good compromise
between computational efﬁciency and accuracy of the DSD.
Typically a geometric grid with a parameter s=21/3 can de-
scribeaccuratelytheDSDasreportedinpreviousstudies(Hu
and Srivastava, 1995; Prat and Barros, 2007). We use here
an irregular grid (40 bins) that covers a diameter range from
0.01cm to 0.7cm. The selected grid combines a geometric
grid (s=2) at small drop size (d≤0.1cm) in order to capture
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Fig. 5. Mass distribution or Liquid Water Content (in [grcm−3]) for the time dependent column model (a) t=60s. (b) t=300s. (c) t=600s.
(d) t=1800s. The initial DSD is a Marshall-Palmer distribution with a nominal rainrate R=50mm.h−1. The solution is obtained for an
irregular grid (40 bins).
accurately the location of peaks in the small drop diameter
range, and a regular grid (1d=0.02cm) at larger drop sizes
(d≥0.1cm) in order to capture accurately the tail of the DSD
and minimize the numerical diffusivity. Compared to a ﬁne
geometric grid (s=21/3, 60 bins), the description of the tail
is improved at a lower computational cost. The results pre-
sented in this study were obtained for a 3000m height rain-
shaft with a vertical resolution (1z=20m) and a time step
(1t=2s).
Figure 1 displays the temporal evolution of the vertical
proﬁles of DSD integral properties, i.e. drop number con-
centration (M0 in [cm−3]), liquid water content (LWC=M1
in [grcm−3]), and radar reﬂectivity (Z=[6/(ρ.π)]2.1012.M2
in [mm6.m−1]) for an initial Marshall-Palmer (MP) distri-
bution at the top of the rainshaft with a nominal rainrate of
50mm.h−1 comparable with values commonly used in sim-
ilar studies (50mm.h−1: List et al., 1987; List and McFar-
quhar, 1990; 100mm.h−1: Tzivion et al., 1989; Hu and Sri-
vastava, 1995). The results show the evolution of the rain-
drop spectra below cloud basis as drops are falling through
theairandreachthegroundintheabsenceofupdraft. Evapo-
ration/condensation processes below cloud basis are ignored.
In Fig. 1a, the drop number density is found to increase with
increasing drop fall distance due to the fact that more colli-
sional breakup events occur with increasing fall distance and
that more smaller drops are created. In other words, number
density increases between cloud base and the ground. The
vertical mass proﬁle remains almost constant, with a rela-
tive variation of less than 2%, along the rainshaft (Fig. 1b).
Due to the fact that the radar reﬂectivity factor (Z) is propor-
tional to the second order moment (M2), Z is found to de-
crease with increasing fall distance because of the collisional
breakup of larger drops, causing reﬂectivity to decrease from
cloud top to cloud base. In addition, the evolution toward a
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Figure 6: Radar reflectivity factor Z (in [mm
6 m
-1]) for the time dependent column model a) 
t=60sec. b) t=300sec. c) t=600sec. d) t=1800sec. The initial DSD is a Marshall-Palmer 
distribution with a nominal rainrate R=50mm.h
-1. The solution is obtained for an irregular grid 
(40bins). 
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Fig. 6. Radar reﬂectivity factor Z (in [mm6 m−1]) for the time dependent column model (a) t=60s. (b) t=300s. (c) t=600s. (d) t=1800s.
The initial DSD is a Marshall-Palmer distribution with a nominal rainrate R=50mm.h−1. The solution is obtained for an irregular grid (40
bins).
steady state situation is faster for higher order moments as
can be seen when comparing proﬁles of the droplet number
density (M0: Fig. 1a) and the radar reﬂectivity factor (Z:
Fig. 1c) at times 600s and 3600s.
Figure 2 displays the evolution of the DSD after a 3000m
fall through the rainshaft with a continuous Marshall-Palmer
distribution with a nominal rainrate of 50mm.h−1 imposed
at the top. For the time interval sufﬁcient for drops to reach
the observation altitude (t=600s), the DSD contains a higher
number of large drops. However, due to the collisional
breakupprocessesinvolvinglargedrops, thepeakoftheDSD
evolves towards smaller drop diameters over time. The num-
ber of small drops increases with increasing simulation time,
causing the DSD to evolve towards a single peak curve with
the peak located at d=0.026cm as observed in the case of the
single model (Prat and Barros, 2007).
Figure 3 shows the proﬁle of the steady state DSD
achieved for different fall distances. The number of large
drops decreases with increasing fall distance. The DSD
presents a steeper tail with increasing fall distance due to the
fact that breakup contribution for larger drops increases with
increasingfalldistance. Asthefalldistanceincreases, thetail
of the DSD tends towards a steeper MP distribution. In addi-
tion, the height of the peak located at 0.026cm increases with
increasing fall distance due to the creation of smaller drops
by breakup. Results for the column model are compared with
the equilibrium DSD obtained with the single box model
(Prat and Barros, 2007) for the same coalescence (Low and
List, 1982a) and breakup (MF04) kernels. It is interesting
to notice that compared to the single box model results (Prat
and Barros, 2007), the DSD from the rainshaft model does
not show the second peak located at d=0.25cm, but only a
shoulder near the same diameter range. Differences between
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equilibrium DSDs obtained with the rainshaft model for var-
ious fall distances and with the single box are explained by
the fact that a true equilibrium DSD is not reached for the fall
distances considered (up to 3000m) and that would be even-
tually achieved for higher fall distances. That is, the rainshaft
does not reach steady state. In the case of the box model, the
DSD at the previous time step is set as initial condition to
compute the next time step DSD and the equilibrium solu-
tion is achieved faster than in the case of the column model
where the same MP50 DSD is constantly introduced at the
top of the rainshaft.
Figures 4, 5, and 6 display, respectively, the vertical pro-
ﬁles of raindrop number concentration (Ni(z,t)), raindrop
mass concentration (Ni(z,t).xi: with xi being the mass char-
acteristic of the ith size class), and radar reﬂectivity factor
([6/(ρ.π)]2.Ni(z,t).10e12.x2
i ). At the beginning of the sim-
ulation, we observe that larger drops tend to fall without sig-
niﬁcant breakup (see the C shaped proﬁles at t=60s (Figs. 4a
and 5a), t=300s (Figs. 4b and 5b), and t=600s (Figs. 4c and
5c). As time evolves, each level of the rainshaft (i.e. cloud
layer)isﬁlledmorehomogeneouslywithalldropletsizesdue
to continuous settling and the creation of smaller drops by
breakup. The collisional breakup mechanism becomes en-
hanced and with increasing simulation time, a steady state
vertical proﬁle is achieved (Figs. 4d and 5d). Figure 4d
shows that the maximum for the number distribution is lo-
cated in the domain of smaller drop diameters in the vicinity
of a diameter d=0.026cm. For the mass proﬁles (Fig. 5d),
the maximum is observed at drop diameters between 0.2cm
and 0.3cm, which corresponds to the location of the shoul-
der of the DSD. A similar behavior is observed for the radar
reﬂectivity factor (Z) with maximum located around drop di-
ameter 0.25cm.
4 Conclusions
A homogeneous one-dimensional rainshaft model has
been developed to investigate the dynamics of coales-
cence/collisional breakup. This model uses a ﬁxed pivot
technique that insures the conservation of two selected prop-
erties of the DSD. This model was previously tested for
some coalescence/breakup kernels found in the literature in
the case of a box conﬁguration (Prat and Barros, 2007). In
the present study, results were presented for a combined
coalescence-breakup mechanism in the case of a homoge-
neous rainshaft model. The model uses the parameteriza-
tionproposedbyMcFarquhar(2004). Numericalresultshave
shown that an equilibrium DSD is achieved only for signif-
icant fall distances (for cloud basis located 3000m above
ground level) and long simulation times (30min) for high
rainrates (50mmh−1). Those results suggest that for lighter
rain events the establishment of an equilibrium situation
might not be attainable for the duration of the rain event. For
higher order moments of the DSD such as the liquid water
content and the radar reﬂectivity factor, the establishment of
equilibrium is achieved for shorter time periods.
The one-dimensional model is currently extended to more
complex atmospheric conﬁgurations including updraft ef-
fects and evaporation-condensation processes in order to
simulate microphysical processes occurring inside the cloud.
In addition, modeling results are compared with experimen-
tal data including tower-based laboratory experiments with a
focus on coalescence-breakup dynamics, and data collected
during ﬁeld campaigns using vertically pointing radar.
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